We prove that representations of the braid groups coming from weakly grouptheoretical braided fusion categories have finite images.
Introduction
From an object X of a braided fusion category one gets representations of the braid group B n by automorphisms of the tensor power X ⊗n , n ≥ 1. A natural problem is to investigate the images of these representations. A conjecture of Naidu and Rowell [NR] states that these images are finite for all n ≥ 1 if and only if the Frobenius-Perron dimension of X is a square root of an integer. In particular, this means that the braid group images are finite for all objects of braided fusion categories of integral Frobenius-Perron dimension.
This conjecture is still open, but a number of partial results is known. It was proved in [ERW] that it is true for group-theoretical braided fusion categories (these are precisely fusion subcategories of the representation categories of twisted group doubles). In [RW] this conjecture was verified for categories SO(N) 2 . The latter are examples of weakly group-theoretical braided fusion categories. This class of fusion categories was introduced in [ENO3], see Definition 2.3. Unlike the group-theoretical ones, these categories can contain objects of non-integral Frobenius-Perron dimension. Braided weakly group-theoretical fusion categories can be obtained from the category of vector spaces by a sequence of extensions and equivariantizations by finite groups. Thus, in principle, they can be described in terms of group cohomology. All known examples of fusion categories of integral dimension (in particular, all representation categories of known semisimple quasi-Hopf algebras) are weakly group-theoretical.
In this paper, we extend previously known results by proving that the images of the braid group representations associated with objects of a weakly group-theoretical braided fusion category B are finite (Theorem 7.2). The idea of the proof is to describe restrictions of these representations to certain finite index subgroups of B n in terms of representations coming from a group-theoretical category. Note that B, in general, cannot be embedded into a group-theoretical fusion category.
The contents of the paper are as follows. In Section 2 we recall basic definitions and facts related to weakly group-theoretical fusion categories [ENO3] .
In Section 3 we recall G-crossed braided fusion categories [T] and their equivariantizations.
We explain in Corollary 3.8 that the structure morphisms of the braided G-crossed fusion category Vec α G can be chosen so that its values on simple objects are roots of unity. A particularly useful for us result is Proposition 3.10 (which is a consequence of [Na] ) stating that the center of a weakly group-theoretical fusion category is equivalent to an equivariantization of a braided G-crossed fusion category with a pointed trivial component.
In Section 4 we discuss determinants of certain canonical automorphisms in graded fusion categories. We show in Proposition 4.3 that a certain power of the determinant of the associator between regular homogeneous objects in an integral G-graded fusion category C determines a cohomology class α C ∈ H 3 (G, k × ) that is an invariant of C. As a consequence, determinants of the crossed braidings between the homogeneous regular objects of G are roots of 1 (Corollary 4.7). We use these determinants as a technical tool in this paper, but they seem to be interesting in their own right.
Braid groups and their representations coming from braided fusion categories are recalled in Section 5.
The fiber product of braided G-crossed fusion categories is discussed in Section 6. Proposition 6.4 gives a sufficient condition for the "fiber double" of a G-crossed braided fusion category to be group-theoretical.
Section 7 contains the proof of our main result.
Finally, in Section 8 we explicitly describe the braid group representations coming from the centers of Tambara-Yamagami categories [GNN, TY] .
fusion subcategory of C is generated by the unit object of C and is equivalent to Vec, the fusion category of finite-dimensional k-vector spaces.
Objects of C of integer Frobenius-Perron dimension span a fusion subcategory of C which we will denote C int . We say that C is integral if C int = C, i.e., if FPdim(X) ∈ Z for all objects X in C. A fusion category is integral if and only if it is equivalent to the representation category of a semisimple quasi-Hopf algebra. We say that C is weakly integral [ENO3] if FPdim(C) ∈ Z. An example of a weakly integral fusion category that is not integral is an Ising category [DGNO, Appendix B] .
A grading of a fusion category C by a group G is a map deg :
where C g is the full additive subcategory of C generated by all objects of degree g ∈ G. The subcategory C e corresponding to the identity element e ∈ G is a fusion subcategory of C and is called the trivial component of the grading. A grading is faithful if the map deg : O(C) → G is surjective. In this case we say that C is a G-extension (or, simply, an extension) of C e .
The simplest example of a graded fusion category is a pointed fusion category, i.e., a category C in which every simple object is invertible. Indeed, in this case G = O(C) has a structure of a group and C is a G-extension of Vec. Any pointed fusion category is equivalent to the category Vec α G of finite-dimensional G-graded vector spaces (for some finite group G) with the associativity constraint given by a 3-cocycle α ∈ Z 3 (G, k × ).
A fusion category is nilpotent [GN] if it can be obtained from Vec by a sequence of extensions.
Proposition 2.1. Let C be a weakly integral fusion category.
such that C e = C int and there are square free integers N g such that FPdim(X g ) ∈ Z N g for all X g ∈ C g , g ∈ G(C).
Recall that a fusion category C is called group-theoretical [ENO1] if C is categorically Morita equivalent to a pointed fusion category. It is known that C is group-theoretical if and only if its center Z(C) is braided equivalent to the representation category of a twisted group double Rep(D α (G)) for some finite group G and a 3-cocycle α ∈ Z 3 (G, k × ).
Definition 2.3. A fusion category is weakly group-theoretical [ENO3] if it is categorically Morita equivalent to a nilpotent fusion category.
A weakly group-theoretical fusion category C is weakly integral. All known examples of weakly integral fusion categories are weakly group-theoretical. In particular, it was shown in [ENO3] that a fusion category C such that FPdim(C) = p a q b , where p and q are primes, is weakly group-theoretical.
Braided G-crossed fusion categories
Let G be a finite group. The following notion is due to Turaev.
Definition 3.1. A braided G-crossed fusion category is a fusion category C equipped with the following structures:
(i) an action of G on C, i.e., a collection of tensor autoequivalences g of C along with natural isomorphisms
for all X, Y ∈ C, g, h ∈ G, satisfying monoidal functor structure axioms;
(ii) a (not necessarily faithful) grading C = g∈G C g ; (iii) a natural isomorphism
called a G-crossed braiding.
These data should satisfy the following conditions:
(a) the diagram
O O commutes for all g, h ∈ G and objects X ∈ C h , Y ∈ C,
commutes for all g ∈ G and objects X ∈ C g , Y, Z ∈ C, and (c) the diagram
commutes for all g, h ∈ G and objects X ∈ C g , Y ∈ C h , Z ∈ C.
Here α denotes the associativity constraint of C.
Remark 3.2. The trivial component C e of a braided G-crossed fusion category C is a braided fusion category and G acts on it by braided autoequivalences.
Definition 3.3. We say that a braided G-crossed fusion category C is non-degenerate if its grading is faithful and C e is a non-degenerate braided fusion category.
Note that C is a non-degenerate braided G-crossed fusion category if and only if C G is a non-degenerate braided fusion category.
Definition 3.4. Let C and C ′ be braided G-crossed fusion categories. A braided G-crossed tensor functor F : C → C ′ is a tensor functor preserving the G-grading along with a natural isomorphism of tensor functors
such that the diagrams
commute for all g, h ∈ G and X, Y ∈ C and the diagram
denotes the tensor functor structure of F and γ, µ, c (respectively, γ ′ , µ ′ , c ′ ) denote the structure isomorphisms of C (respectively, C ′ ).
Example 3.5. Let G be a finite group and α ∈ Z 3 (G, k × ) be a 3-cocycle. There is a canonical braided G-crossed category structure on Vec α G defined as follows. We view Vec α G as a semisimple Abelian k-linear category with simple objects denoted by x (x ∈ G). The associativity constraint is given by
The action of g ∈ G is by g(x) = gxg −1 with the tensor functor structure of g given by
the monoidal functor structure on the functor G → Aut(Vec) given by
and the crossed braiding given by
for all x, y, z, g, h ∈ G.
That the above maps µ and γ determine an action of G on Vec α G follows from the identities
for all x, y, z, f, g, h ∈ G. The diagram (4) commutes thanks to the identity
for all g, x, y ∈ G, while the diagrams (5) and (6) are the definitions of µ and γ. The above identities are consequences the 3-cocycle equation for α (and are well known).
Proposition 3.6. The braided G-crossed category structure µ, γ, c on Vec α G defined by formulas (12), (13), and (14) in Example 3.5 is unique up to a braided G-crossed equivalence.
Proof. If µ ′ , γ ′ , c ′ is another braided G-crossed category structure on Vec α G then the identity tensor functor id Vec α G (with the tensor structure ϕ x,y = id xy ) equipped with the natural isomorphism
establishes an equivalence between these braided G-crossed categories. Indeed, comparing diagrams (5) and (6) for them we get
for all x, y, g, h ∈ G, which gives commutativity of (8) and (9). The commutativity of (10) is immediate from the definition (19) of η.
The following result is well known. We include its proof for the sake of completeness.
Lemma 3.7. Let G be a finite group. Let α ∈ Z n (G, k × ) be an n-cocycle, n ≥ 1. Then there exists an n-cocycle α ′ cohomologous to α such that the values of α ′ are |G|th roots of unity.
Proof. Let g 0 , g 1 , . . . , g n ∈ G. The n-cocycle condition for α is
Taking a product over g 0 ∈ G we get (20)
Then (20) can be rewritten as
Corollary 3.8. The braided G-crossed fusion category Vec α G is equivalent to one in which all scalars (11), (12), (13), and (14) corresponding to the structure maps are |G|th roots of unity in k.
Proof. By Lemma 3.7, we can assume that values of α are |G|th roots of 1. The result follows since the values of µ and γ in (12), (13) are products of values of α and its inverses.
It was shown in [K, M] (see also [T, Appendix 5] and [DGNO, Section 4.4.3] ) that the equivariantization construction C → C G gives rise to a 2-equivalence between the 2-category of braided G-crossed fusion categories and the 2-category of braided fusion categories containing Rep(G).
The inverse to the equivariantization construction is called de-equivariantization. 
denote the G-equivariant structure on Y and let X = ⊕ g∈G X g be the decomposition of X with respect to the grading of C. Set
Let F C : C G → C be the tensor functor forgetting the G-equivariant structure. Its right adjoint I C : C → C G is the induction that can be explicitly described as follows:
for any X ∈ C with the G-equivariant structure given by
For X ∈ C x , x ∈ G, and Y ∈ C the braiding between the induced objects I C (X) and I C (Y ) is given by
Let C be a braided G-crossed fusion category. The notion of the reverse category of C was considered in [S] . This braided G-crossed category C rev is defined as follows. As an Abelian category, C rev = C with the same action of G. For X ∈ C g , Y ∈ C, the tensor product in C rev is X ⊗ rev Y = X ⊗ g −1 (Y ) with obvious associativity and unit constraints. The G-grading on C rev is given by (C rev ) g = C g −1 . The G-crossed braiding is given by
In the special case when G is trivial the above notion coincides with that of the reverse of a braided fusion category.
Proposition 3.9. There is a canonical braided equivalence (C rev ) G ∼ = (C G ) rev or, equivalently, a braided G-crossed equivalence C rev ∼ = ((C G ) rev ) G .
Proof. As Abelian k-linear categories (C rev ) G and (C G ) rev are equal to C G . We define a tensor functor F : (C rev ) G → (C G ) rev as the identity functor equipped with the tensor structure
Using the definition of the tensor products of G-equivariant objects and naturality of the associativity and braiding constraints one can check directly that F is a braided tensor equivalence. The trivial component C e is called the core of Z(A) and its braided equivalence class is independent of the choice of E [DGNO] . We claim that C e is pointed.
Note that Z(A) is weakly group-theoretical by [ENO3] . It was shown in [Na] that the core of a weakly group-theoretical braided fusion category is either pointed or is the Deligne product of a pointed braided fusion category and an Ising braided fusion category. Thus, C e must have one of these forms. Let ξ(M) ∈ k × denote the multiplicative central charge of a modular category M [DGNO, Section 6.2]. Note that Z(A) is non-degenerate and weakly integral and, hence, is modular (with respect to the canonical spherical structure on the integral category Z(A) [ENO1] ). Since the central charge is invariant under taking the core, we have ξ(C e ) = ξ(Z(A)) = 1. This implies that an equivalence C e ∼ = P ⊠ I, where P is pointed and I is an Ising category, is impossible. Indeed, ξ(P) is an 8th root of 1 while ξ(I) is a primitive 16th root of 1, so that ξ(C e ) = ξ(P)ξ(I) = 1. Therefore, C e is pointed.
Determinants in graded fusion categories
Let C be an integral fusion category. For any object X in C let d(X) denote the Frobenius-Perron dimension of X. Given an automorphism φ : X → X its determinant is
Remark 4.1. Determinants can be defined for morphisms in an arbitrary (i.e., not necessarily integral) fusion category. In general, they take values in A ⊗ Z k × , where A is the ring of algebraic integers in R.
Determinants have the following familiar properties [E, Proposition 2.1].
Proposition 4.2. For all objects X, Y in C, automorphisms φ, ψ : X → X, ζ : Y → Y , and λ ∈ k × we have
Let G be a finite group and let C = g∈G C g be an integral G-graded fusion category. Let D = FPdim(C e ).
Let R g = ⊕ X∈O(Cg ) d(X) X be the regular object in C g . We have d(R g ) = D and (25)
We may and will assume that the abelian category C reg generated by R g , g ∈ G, is skeletal, i.e., that isomorphic objects of C reg are equal.
Let g 1 , . . . , g n , h 1 , . . . , h n ∈ G be such that g 1 · · · g n = h 1 · · · h n and d g 1 · · · d gn = d h 1 · · · d hn .
Any isomorphism φ Rg 1 ,...,Rg n :
Proposition 4.3. The function
is a 3-cocycle on G with values in k × . Its class in H 3 (G, k × ) is an invariant of the G-graded fusion category C. That is, if C is a G-graded fusion category equivalent to C by a grading preserving tensor equivalence then α C and α C ′ are cohomologous.
Proof. The 3-cocycle condition for α C follows from taking the determinants of both sides of the pentagon equation
where f, g, h, i ∈ G and using (25).
Let F : C → C ′ be a grading preserving tensor equivalence with a tensor functor structure ϕ X,Y :
denote the homogeneous regular objects of C ′ . From the definition of a tensor functor we have
, for all f, g, h ∈ G. Taking determinants of both sides of this equation we get
i.e., α C and α C ′ are cohomologous.
Example 4.4. Let G be a finite group, α ∈ Z 3 (G, k × ) be a 3-cocycle, and N ⊂ G be a normal subgroup. We can view C = Vec α G as a G/N-graded fusion category. The corresponding 3-cocycle α C ∈ Z 3 (G/N, k × ) is given by α C (f N, gN, hN 
This construction gives rise to a group homomorphism H 3 (G, k × ) → H 3 (G/N, k × ).
Remark 4.5. Given a G-graded fusion category C = ⊕ g∈G C g and a 3-cocycle ω ∈ Z 3 (G, k × ) one constructs a new G-graded fusion category C(ω) by multiplying the associativity constraint on homogeneous objects by values of ω [ENO2] . From our definition, α C(ω) = α C ω D 4 .
Let C = ⊕ g∈G C g be an integral braided G-crossed fusion category with structure isomorphisms µ, γ, and c, as defined in (2) and (3). Consider the following functions:
It follows from axioms (4) -(6) that they define a braided G-crossed category structure on
Remark 4.6. By Lemma 3.7, there is r : G 2 → k × such that the values of α C d(r) are |G|th roots of 1. Choose a function t : G 2 → k × such that t D = r. We can replace C by an equivalent braided G-crossed fusion category C ′ with the associativity constraint
. Thus, we may assume that the values of α C are |G|th roots of 1. Similarly, by Proposition 3.6 and Corollary 3.8 we may assume that the values of functions (27) -(29) are |G|th roots of 1. For x, y, g, h ∈ G consider the composition
viewed as an automorphism of D R gxg −1 hyh −1 . These compositions are the components of the braiding on the induced object of C G , see (23). for all x, y, g, h ∈ G.
Braid groups and their representations from braided fusion categories
Let n ≥ 1 be an integer. The braid group B n is generated by elementary braids σ 1 , . . . σ n−1 satisfying the relations σ i σ i+1 σ i = σ i+1 σ i σ i+1 for all i = 1, . . . , n − 2, and σ i σ j = σ j σ i for all i, j such that |i − j| > 1. The kernel of the surjective homomorphism from B n to the symmetric group S n is the pure braid group P n .
Let B be a braided fusion category. For objects X 1 , X 2 , . . . , X n of B let X 1 ⊗ X 2 ⊗ · · · ⊗ X n denote the tensor product (· · · (X 1 ⊗ X 2 ) ⊗ X 3 ) ⊗ · · · ⊗ X n−1 ) ⊗ X n . In particular, X ⊗n will denote the tensor product of n copies of X as above.
There is a homomorphism
for all i = 1, . . . , n − 1. Here α denotes the appropriate composition of associativity isomorphisms of B. The braid group relations for ρ X (σ i ) follow from the hexagon axioms of the braiding and the MacLane coherence theorem.
The following definition was given by Naidu and Rowell in [NR] .
Definition 5.1. A braided fusion category B has property (F) if for every n ≥ 1 the image of (31) is finite for every X ∈ B.
Remark 5.2. This property is equivalent to the image of the homomorphism ρ X 1 ,...,Xn : P n → Aut B (X 1 ⊗ X 2 ⊗ · · · ⊗ X n ) defined similarly to (32) being finite for all objects X 1 , X 2 , . . . , X n in B.
It was shown in [ERW] that group-theoretical braided fusion categories have property (F). It was conjectured in [NR] that a braided fusion category B has property (F) if and only if it is weakly integral.
The fiber product of braided G-crossed fusion categories
The following notion was introduced in [Ni] . Definition 6.1. Let C 1 , C 2 be fusion categories graded by the same group G. The fiber product of C 1 and C 2 is the fusion category
Here ⊠ denotes Deligne's tensor product of Abelian categories. Clearly, C 1 ⊠ G C 2 is a fusion subcategory of C 1 ⊠ C 2 graded by G. The trivial component of this grading is C 1 e ⊠ C 2 e . Remark 6.2. Note that neither C 1 nor C 2 are fusion subcategories of C 1 ⊠ G C 2 in general.
Suppose that C 1 , C 2 are braided G-crossed fusion categories. The actions of G on C 1 and C 2 give rise to an action of G on C 1 ⊠ G C 2 :
Similarly, the G-crossed braidings c 1 and c 2 of C 1 and C 2 can be combined to define a G-
Recall that a Tannakian subcategory E of a non-degenerate braided fusion category B is
Lagrangian if FPdim(E) 2 = FPdim(B).
Lemma 6.3. Let C = ⊕ g∈G C g be a non-degenerate braided G-crossed fusion category. Suppose that C e contains a G-stable Lagrangian subcategory. Then C G is equivalent to the representation category of a twisted group double. In particular, C G is group-theoretical.
Proof. Let E be a G-stable Lagrangian subcategory of C e . Then E G is a Lagrangian subcategory of C G and the statement follows from [DGNO, Theorem 4.64] .
Proposition 6.4. Let C = ⊕ g∈G C g be a non-degenerate braided G-crossed fusion category such that C e is pointed. Then (C ⊠ G C rev ) G is group-theoretical.
Proof. The subcategory of C e ⊠ C rev e spanned by {X ⊠ X | X ∈ O(C e )} is Lagrangian and G-stable. So the result follows from Lemma 6.3.
The finiteness result
Fix n ≥ 1. Let G be a finite group. The following action of B n on the set G 2n was considered in [ERW, Section 4 .5]:
(34) π n,G (σ i ) ((g 1 , h 1 ), . . . , (g n , h n ))
for all g j , h j ∈ G, j = 1, . . . , n. Let K n,G denote the kernel of π n,G .
Clearly, K n,G ⊂ P n and [B n : K n,G ] < ∞.
Proposition 7.1. Let C = ⊕ g∈G C g and D = ⊕ g∈G D g be integral braided G-crossed fusion categories. If (C ⊠ G D) G has property (F) then so do C G and D G .
Proof. Consider the regular objects
Any object of C G (respectively, D G ) is contained in a direct sum of copies of I C (R) (respectively, I D (S)). So it suffices to show that the images of homomorphisms
defined in (31) are finite. Since K n,G is a finite index subgroup of B n , it is enough to check that ρ I C (R) (K n,G ) and ρ I D (S) (K n,G ) are finite.
By the hypothesis, the image of (35)
, for all g 1 , . . . , g n ∈ G and h 1 , . . . , h n ∈ G. Note that these summands are, in general, objects of C ⊠ G D, but not of (C ⊠ G D) G . Comparing with (34) we see that each of them is stable under K n,G . Let (36) ρ (g 1 ,h 1 ),...,(gn,hn)
denote the corresponding restrictions of ρ I C⊠ G D (Z) . We have
and (38) ρ (g 1 ,h 1 ),...,(gn,hn)
Let ∆(K n,G ) = ρ (g 1 ,h 1 ),...,(gn,hn) I C (R) (σ), ρ (g 1 ,h 1 ),...,(gn,hn)
be the diagonal subgroup of ρ (g 1 ,h 1 ),...,(gn,hn) h 1 ) ,...,(gn,hn) I D (S) (K n,G ). We claim that ∆(K n,G ) is finite. Equation (38) defines a surjective group homomorphism (39) p : ∆(K n,G ) → ρ (g 1 ,h 1 ),...,(gn,hn) I C⊠ G D (Z) (K n,G ).
Note that ρ (g 1 ,h 1 ),...,(gn,hn)
Indeed, the Kronecker product of linear operators equals the identity if and only if the factors are reciprocal scalar multiples of the identity. Thus, it suffices to prove that L is finite.
For σ ∈ K n,G let σ = σ i 1 σ i 2 · · · σ im be its presentation as a product of elementary braids. By the definition (23) of braiding on the induced object, each ρ I C (R) (σ i k ), k = 1, . . . , m, is a block permutation matrix whose blocks are obtained by tensoring maps of the form (30) with identity and conjugating by the associativity isomorphisms. By Corollary 4.7 the determinant of each block of ρ I C (R) (σ i k ) is an Nth root of unity, where N = |G|D 2 .
Hence, the determinant of each diagonal block ρ (g 1 ,h 1 ),...,(gn,hn)
where D = FPdim(C e ). Hence, λ |G|D n+2 = 1 and L is finite. So ∆(K n,G ) is finite.
It follows that the images ρ (g 1 ,h 1 ),...,(gn,hn) I C (R) (K n,G ) and ρ (g 1 ,h 1 ),...,(gn,hn) I D (S) (K n,G ) are finite for all g j , h j ∈ G, j = 1, . . . , n. Hence, ρ I C (R) (K n,G ) and ρ I D (S) (K n,G ) are finite.
Theorem 7.2. Any weakly group-theoretical braided fusion category B has property (F).
Proof. Let us first prove this theorem in the case when B is integral. Note that B embeds into its center Z(B) which is also integral and weakly group-theoretical by [ENO3] . So it suffices to prove that Z(B) has property (F). By Proposition 3.10 we have Z(B) = C G , where C is a braided G-crossed fusion category with the pointed trivial component. Then (C ⊠ G C rev ) G is group-theoretical by Proposition 6.4. So the statement follows from Proposition 7.1 and [ERW] . group-theoretical braided fusion category and so has property (F). Let a 1 , . . . , a n ∈ G(B), let X i , Y i ∈ B a i , and let Z i = X i ⊠ Y i , i = 1, . . . , n. As in the proof of Proposition 7.1, we have
To prove that ∆(P n ) is a finite group we consider a surjective homomorphism (40) p : ∆(P n ) → ρ Z 1 ,...,Zn (P n ) : (ρ X 1 ,...,Xn (σ), ρ Y 1 ,...,Yn (σ)) → ρ Z 1 ,...,Zn (σ).
Its kernel is contained in
..,Zn (P n ) is finite it suffices to prove that L is finite.
Let I = ρ X 1 ,...,Xn (P n ). We claim that there are only finitely many scalar automorphisms in I. Note that the abelian group I/[I, I] is finite. Indeed, it is generated by the images of finitely many conjugates of pure elementary braids σ 2 i , i = 1, . . . n [KT] . These have finite order by [E] . Let N be the exponent of I/[I, I]. If s = λ id X 1 ⊗···⊗Xn ∈ I then s N ∈ [I, I] Hence, det(s N ) = 1, i.e., λ N d(X 1 )···d(Xn) = 1. So L is finite and the theorem is proved.
Example: Braid group representations from the centers of

Tambara-Yamagami fusion categories
Recall that a Tambara-Yamagami fusion category [TY] is a Z/2Z-graded category whose trivial component is pointed and the non-trivial component has rank 1. Such categories are classified up to a tensor equivalence by triples (A, χ, τ ), where A is a finite Abelian group, χ : A × A → k × is a non-degenerate symmetric bicharacter, and τ is a square root of |A| −1 in k. Let T Y(A, χ, τ ) denote the corresponding fusion category. We denote its invertible objects by a ∈ A and the non-invertible simple object by m.
The category T Y(A, χ, τ ) is weakly group-theoretical, but not group-theoretical or integral in general. Its center B = Z(T Y(A, χ, τ )) was studied in detail in [GNN] . The category B is also Z/2Z-graded with a group-theoretical trivial component. The non-trivial component of B is spanned by simple objects of the Frobenius-Perron dimension |A|. These are equal to m as objects of T Y(A, χ, τ ) and are parametrized by pairs (q, ∆) where q : A → k × is a function satisfying q(a + b)χ(a, b) = q(a)q(b) for all a, b ∈ A and ∆ is a scalar such that ∆ 2 = τ a∈A q(a) −1 . For simplicity, assume that q is a quadratic form, i.e., q(a) = q(−a) for all a ∈ A, and fix if n is even, as an object of T Y(A, χ, τ ), so that End B (Z ⊗n ) is identified with the vector space V n of dimension |A| (n−1)/2 (respectively, |A| n/2 ) whose basis is the set of n−1 2 -tuples (respectively, n 2 -tuples) of elements of A when n is odd (respectively, even). Note that V 2m ∼ = V 2m−1 for all m ≥ 1.
For any n letσ i = ρ Z (σ i ), i = 1, . . . , n − 1.
Proposition 8.1. Let Z be a simple object of B as described above. The images of the elementary braids of B 2m+1 in Aut B (Z ⊗(2m+1) ) are σ 2i−1 : (a 1 , . . . , a n ) → ∆q(a i−1 − a i ) −1 (a 1 , . . . , a n ), 1 ≤ i ≤ n, σ 2i : (a 1 , . . . , a n ) → τ ∆ 3 b∈A q(a i − b)(a 1 , . . . , a i−1 , b, a i+1 , . . . , a n ), 1 ≤ i ≤ n,
where we set a 0 = 0.
Proof. These are direct computations using explicit formulas for the braiding isomorphisms of B from [GNN] .
Remark 8.2. The image of the braid group representation described in Proposition 8.1 is finite by Theorem 7.2. Our formulas are equivalent to those in [BW] for the images of mapping class groups arising from abelian anyon models.
